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Expected value exists when.
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Linearity property of expectation

2 RVs X and Y and Z-X+Y we have.

E[Z]=-E[X+Y]=E[X]+E[Y] ?7?77?

E[X+Y]= j_o:o f_o:ofx,y(x,y) dxdy =
J_ o:o X j_ O:ofx,y (x,y) dy dx + f_ O:o y j_o:ofx,y (x,y)dxdy =

| xpeax+ [ yh o)y =X+ Y]

As we see being independent was not mentioned at all in this proof.

This relation is true for n random variables too and it is called

linearity property of expectation.
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Moments

For Y-g(X) expected value is calculated as:

fz g(x)p(x;) for discrete RV
fOG) =9

J gx)f, (x)dx for continuous RV
\ Y/ —00

In a special case which g(X)=xk k- 1.2,..., Elg(X)] which means

E [X k ] is called kt" moment of random variable X.
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Moments

When X and Y are equal in all of their different moments, i.e. .
E[x*]| = E|Y¥] k=123,..

We can conclude that X and Y follow the same distribution. Now

assume xq, X5, ..., X, are random variables that are not necessarily

independent we define random variable Y such that Y
= g(x1, X9, e, Xp).

Expected value of Y can be found as below:.

E[Y] = E[g(xlerJ '"an)]

_ le sz ---ang(xlr ---rxn)p(xl: :xn)
ffooo ffooo ...ffooog(xl, s X ) P(Xq, o, X )dXq . dXy,
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ExampleZ

Assume a hard disk, each hard disk contains some concentric rings
cach ones diameter is bigger than the previous one as €. Diameters of
these rings are so close to each other so when they are put together,
they make matter . Each hard disk contains a head which is

responsible for reading data.

Assume diameter of the biggest ring is b and the smallest one is a so
the head must move from a to b. we define 2 random variables X and
Y as X.current place of the head and Y:place that head should go to

next.

These 2 RVs are independent from each other and are uniform from
a to b. for reading new data head must traverse |X~Y| and this is a

new RV. Calculate its expected value.
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Example

In the previous example since the maximum distance that head
must traverse is b~a and a and b are uniformly distributed it
seems that distance’s expected value is b;—a pbut we will show that

1s not true.

We know: f,.(x) = f,(y) = ﬁ a<x, y<b

We first find f,. ,,(x, y)since X and Y are independent so:

1

fx,y(x» Y) = fx(x)fy(y) — (b—a)2

Now we calculate expected value of | X~Y|.
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J'; Example

2 b
" (b-a)? fa fcic(x —y)dydx =

" (- a>2

E[IX -Y|] = f_o:o j_o:olx—ylfx,y(x,y) = jab Lblx—ﬂ b _1a)2

xX—y y—x
= faSy<xsb (b—a)? dy dx + ffa5x<ysb (b—a)? dy dx

X
dx
a

2 b
(b-a)?-a

f (x? —ax——+—)dx

" (b-a)?

2 ’b3—a3

a a? b—a
p —E(bz—a2)+7(b—a)]=7
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Example

We shall remind that when multiplying 2 RVs X and Y if they are
independent from each other we have. E[XY]=E[X]E[Y] Otherwise

writing a simple formula is not possible .

We also should notice whenever this equation is true, does not

mean that X and Y are independent
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. Varlance

As mentioned before average dispersion of RV from its expectation

value is called variance.
This value can be calculated from the formula before.

In this formula u = FE[X]. Variance is usually shown as

g2 an its square root (o) is called standard deviation.

var(x) = E[(x — u)?]

(
Z(xi — E[X]? p(x;) discreteRV
var(x) = g% =< ¢

f (x — EIX])*f, (x)dx  continuos RV
oo

Since expected value may not exist for a RV, variance may not exist too.
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Variance(cont.)

Since expected value has linearity property we have.

var(X) = 0% = E|(x — EIX])?| = E[x? — 2xE[X] + E[X]?]
= E[x?] — 2E[xE[X]|+E[X]?= E[x?] — 2E[X]E[X] + E[X]?
= E[x?] — E[X]?

Now we want to calculate variance of sum of 2 RVs.

var(x =y) = E[(x+y — E[x + y]*)] = E[(x + y — E[x] — E[y]?]
= E[((x = E[x]) + (v — Ely]))?]

= E[x — E[x]]" + E[y — EDV]]" + 2(x — E[xD)(y — E[y]) =

el e S0 [ paly ) asel - ousnige Jlaial 5l
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Variance(cont.)

= E[(x — E[x]*] + E[(y — E[y]°] + 2E[(x — E[x])(y — E[yD]
= var(x) + var(y) + 2E[(x — E[x])(y — ElyD]

When X and Y are independent. var(x+y)-var(x)+var(y)
Otherwise E[(x-E[x])(y-Elyl)] remains and it is called covariance
and is shown as cov(xy). When cov(x,y)>0 means X and Y have
similar acting i.e. when X is increasing, Y increases too and when
X is decreasing Y decreases too. When cov(x,y)<O it means X and
Y have opposite acting and when cov(x,y)-0 means they are not

related to each other and are uncorrelated.
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Variance

We want to prove when X and Y are independent, cov(X,y)=0:
cov (x,y) = E[(x — E[x)(y — E[y]]

= E [xy — xE[y] — yE[x] + E[x]E[y]]
= Elxy] — E[x]E[y] =0

We can use this formula to calculate covariance.
Cov(x.y)-Elxy]-E[X]Ely]

As we see for 2 independent RVs, variance of their sum will be
sum of their variance otherwise it is equal to sum of variance of 2

RVs plus their covariance multiplied by 2.
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Variance(cont.)

var (x +y) = var (x) + var (y) + 2cov (x,y)

In case of independent RVs, this formula is extendable for n RVs.

Assume independent random variables x4, x5, ..., X,:

n
var(x; + x, + -+, x,) = z var(x;)
i=1
We shall mention that we call 2 random variables X and Y
uncorrelated  when  cov(xy)-0.2 independent RVs are

uncorrelated but revers of this statement is not necessarily true.
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Example

Assume random variable X which is a uniform RV on (~1.1)
interval. We define Y such that Y = x2 . So Y is totally related to X
. Calculate cov(X)Y).

Answer.

cov (x,y) = E [xy] — Elxy] — E[x]E[y]
Also:E[X.Y] = E[X.X*] = E[X3] = 0
E[X] = 0=cov(X,Y) =0—-0=0

As we saw X and Y are not independent but their covariance is

ZLCT0.
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Correlation

As we mentioned before covariance shows how X and Y act
comparing to each other but value of covariance does not give us
any noticeable sense. So we declare another concept called
correlation. Correlation which is shown as p(x,y) can have values

between ~1 to 1.

We can prove that 0 < cov® (x.y) < var x var(y) Correlation

coeffiecient can be calculated as:

__cov(x,y)  cov(xy)
- \/var(x)var(y) Bl Ox0y

1<pxy)<1

p(x.y)
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Correlation(cont.)

Like covariance , when correlation coefficient is positive 2 RVs
have the same acting and when it is negative they have opposite
acting and when it is zero their behavior is not related to each
other. The bigger correlation coefficient is, the more related RVs

are.
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Example

Using correlation’s definition prove that -1 < p(x.,y) < 1.

Answer:
We first prove that this value is bigger than ~ 1.

Since variance is non-negative we have:.

& el e S0 [ ol ) aal - asaige Jlaial 5l
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X y var(x) cov(x,y)
4+ 2= 2 =2[1 N=—-1<p
— Gy) A [1+ p(x.y)] < p(x.y)
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Example

Now we will prove it is bigger than 1.

0 < var <i _ l) _ var(x) N var(y) 2cov(x,y)

o2 o2 w0, 2[1+p(x,y)]=-1<p(xy)
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Conditional expectation

As mentioned in the previous chapter conditional probability is

defined as below.

( Po,(X=x,Y=y)
(x]y) = 2> =Y /
Py = P,0) discrete

xly) _ fy®¥)
@) o

Since conditional probability has distribution function, we can

continuous

calculate its expected value.
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Conditional expectation(cont.)

> f_oooo xfx,y (x,y) dx

B9 = | %) Gely)dx = o

If we write expected value conditioned to Y-y for all Ys we will

have a function called regression of X on Y:

m(y) = E[X|Y]

We have. E[X] = [~ _E [x|Y = y] = £,(y)dy

This formula is so useful and is called as theorem of total
expectation. It is obvious that these formulas can be used for

discrete RVs too.
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. Conditional expectation(cont.)

If we have a function of X instead of X, Z-g(X) then we will have:

(0.0]

FIZ1 ) = ElgQ01 ) = | gGf(aly) Gily) dx

Now if we calculate expected value of regression function:

Ewmm=5whwu=ﬂﬂ=ﬂﬂ=j E[x| yIf, () dy

In order to prove this we have:.

ﬂﬂ=j E[x| Y = yIf,(»)dy

& el e S0 [ ol ) aal - asaige Jlaial 5l
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Example

f_m j xf(xly) Cy)fy ) dxdy =

CT Sy (xY) ~
.[_oo_[_oox fy(}’) fy()’)dxdy_

j_o:o j_ O:oxfx,y(x: y) dxdy =
j_o:o j_o:of xy (X, y) dxdy =

jooxfx (x)dx = E[x]
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Example

Assume random variable X which indicates time of failure of a
system. Average time for a system failure which is indicated by MTTF
changes with temperature. We assume conditional distribution of

MTTF conditioned to temperature T-t is.
MTTF (t) = E[Y| T = t] = exp(a + bt + ct?)

A, b and c¢ are constant values and have been calculated by
experiment. ¢=-0.00036 , b-0.00442 , a-0.973

T is a random variable following normal distribution with parameters

u =40 and ¢ = 20 so density function of temperature is.

1
fT(t):\/T[ [ (\/2
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N

42




= j ) MTTE(t)fr (t)dt

ElY =J ea+tb+ct2 ex [
[Y] B \/Zna p|—(F—
2
exp [a + @ + bu + cuzl
ElY| =
o V1 — 2co?

& el e S0 [ ol ) aal - asaige Jlaial 5l
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